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During the report ing period the cierivatian of a l l  equations and 
boundary conditions based on tlthick-shelltt and W-dn-shelll' theory i n  
spher ica l  and t o ro ida l  coordinates w a s  completed. 
f e r  the  llthin-shelllt theory and the sequence f o r  t h e i r  solut ion is included 
in t h i s  repor t ,  as is the  f ini te-difference formulation for  t h i s  case. 
The f u l l  set of equations 
A re-evaluation e€ the equations near the  s ingu la r i ty  on the  geo- 
./.- 
metric axis-of-symmetry was made during the  repor t ing  period. "his re-evalua- 
/' 
t i o n  resu l ted  i n  a useable s e t  of equations for the  singular-point fo r  non-axi- 
__-.-. 
symmetric case. 
s t a t ed  i n  the  previous quarter ly  report ,  s ince t h i s  point is common t o  a l l  
These equations are a lso  presented i n  t h i s  report .  A s  
meridian planes, using it as a cemmon node would considerably reduce the 
t o t a l  number of nodes. 
E f f o r t s  were i n i t i a t e d  during the  report ing period i n  the areas of 
overrelaxation and convergence c r i t e r i a .  Ini t ia l  r e s u l t s  w i l l  he reported 
i n  the  next monthly repert .  
The effart  i n  the pregramming area  centinued on the axisymmctric 
case. It is  expected tha t  t h i s  case w i l l  be completed by 1 A p r i l .  
Deta i l s  of accomplishments since t h e  last report  are below, baeed on 
the revised schedule presented in tho  f i r s t  quarter ly  report .  
A. I N V E S T I G A T I O N  OF ENGINEERING MODELS (Avt i n  Schedule) 
The f u l l  s e t  of displacement equations of the  thin-shel l  theory 
i n  tor i -spherical  coordinates and the proper sequence t o  be employed i n  
t h e i r  so lu t ion  is presented i n  Appendix A. 
p a r t s  of the  equations a r e  c lear ly  indicated.  
equations with the  equation8 generated using the  "standardtg thin-8h8ll formu- 
The ' r * l ~ e ~ ~ - o r d e r l g  and "3Bii.r~.t-order~' 
A comprieon of t h i s  set of 
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I Summary of Progress t o  Date (cont,) 
l a t i o n  revea ls  p la in ly  the inconsistencies i n  the  "standard" formulation. 
These inconsis tencies  a re  manifested by missing terms in the 
equations. Thus, the  standard formulation is at  best  a 'szcro-ordertt formula- 
t ion .  However, the consis tent  zero-order formulation is considerably 
simpler than the "standard" formulation. 
"first-orderft  
Ae mentioned in the  fourth moathly repor t ,  an attempt w a s  made 
t o  avoid fourth-order terms i n  the derivation. 
the cost  of increasing the number of equations from two t o  six as shown i n  
Appendix A. 
This was accomplished at 
The f ini te-difference equivalent for the  f*thin-shellf? equations 
is presented i n  Appendix B. 
(This completes Taek A''). 
B. THE SINGULAR POINT 
A re-examination of the equations for  the non-adsymmetric case 
a t  the s ingular i ty  on the axis-of-symmetry w a s  made during the  month o f  
February. 
of the  non-axisymmetric case which requires  spec ia l  treatment near the  
s ingular i ty .  
simple se t  of equations for t h i s  point for the  general non-axisymmetric ca8eo 
These equations a re  presented in Appendix C. 
This e f f o r t  w a s  prompted by the  progreea made i n  the  programming 
This e f fo r t  resul ted i n  the der ivat ion of a programmable r e l a t i v e l y  
C. DEVELOP CONVERGENCE CRITERIA 
An e f f o r t  i n  t h i s  area w a s  i n i t i a t e d  during the report ing period. 
It is expected tha t  Mtial r e s u l t s  w i l l  be premnted in the  next repor t ing  
period. 
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I Summary of Progress t o  Date (cent. 
D. OVERRELAXATION MGTfIOD 
A considerable effprt wae expended i n  t h i s  area during the  
report ing period. 
s iderable  advantages over p in t - r e l axa t ion  f o r  the preseat problem. 
l ine-relaxat ion approachea were investigated. 
are tho8e of constant R (and appropriate cans tas t  r) becauao they a8suro 
It w a s  established tha t  l l l ine-relaxationlt  o f f e r s  con- -. 
Varioua 
... .,. 
Presently the  lllinedt used 
the proper e f f ec t  of the  boundary conditions on the  aolution and utable  
%tar t ing t l  the so lu t ion  i n  a r e l a t ive ly  easy f a h i o n .  
E. P-NG 
"he e f f o r t  i n  the programming area was c o n c e ~ ~ t r a t e d  on the  
completion of the  udsymmetric cam. 
be completed by 1 April  1964. 
It is expected that thiar e f f o r t  w i l l  
"I'he major problem encountered are i n  sa t i s fy ing  a l l  the bouadary 
u t  
condit ioao by the llfirst-gU&ssll se lu t  ion without generating di6COnti1iUitie8 
a t  nearby mesh-points. The d i f f i c u l t y  s t e m s  from the  f a c t  t ha t  t he  f i n i t e -  
difference formulation u t i l i z i n g  the mesh-size impo6ed by the  problem does 
not model the (continuous) der ivat ivee s a t i s f a c t o r i l y  near the  boundary when 
standard f ini te-difference formulations are u t i l i zed .  A considerable number 
of aoa-standard f o r m l a t i o a s  have already been t r i e d  providing ineright i n t o  
-T ~ 
the  behavior of the  equations and the  f o m l a t i o n 8  tha t  o f f e r  moat promise. 
With the rece ip t  of the information on rblator-thickness and 
base-temperature data ,  the programming o f t h e  f i n a l  three-dimensional problem 
has resumed. 
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11. PLANNED A C T I V I T I E S  FOR THE NEXT REPORTING PERIOD 
A. DEVELOP C 0 " C E  CRITERIA 
Effort  in t h i a  area will continue during the  next report ing 
period with i n i t i a l  results expected t o  be avai lable  fo r  reporting in the  
next monthly report. 
B. OVERRELAXATION METHOD 
With the expected completion of the  udqmmetric case during 
the  next reporting period (by 1 April), d e t a i l s  of the  results of t h i e  
e f f o r t  should a l so  be avai lable  for reporting i n  the next monthly report. 
C. SANDWICH CORE PROPEXFIES A N A L Y S I S  
In order t o  enable fulf i l lment  of the requirement f o r  a llfive-layerll 
solut ion of the f ina l  non-wisymmetric case, the proper sandwich-core 
prapert ies  will have to be develsped. 
next reporting period. A n  unisotropic ana lys i s  of the sandwich core W i l l  
be performed. Based on t h i s  analysis the "equivalent-icotropic" values of 
the material  propert ies  u t i l i zed  in the  equations of t h i n  and th ick  s h e l l  
analysis  will be developed. 
This e f f o r t  w i l l  be i n i t i a t e d  during the 
D. PROGRAMMING 
"he axioymmetric te& case w i l l  be completed by 1 April. The 
programming e f f o r t  on the  non-dsymmetric case w i l l  continue. 
111. PRoBLpl AREAS 
No new technical problem areas have developed s ince tho last report .  
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IV. PROGRAM CHANGES 
During a meeting on 2 March 1964 between NASA/MSC and Aerojet, tenta- 
t i v e  agreement w a s  reached on the following changes in personnel for  t h i s  
program. 
Program Manager: U. T. Cox - replacing Dr. A. Zukerran 
Principal Investigator: 
Consultant: D r .  H. H .  Hilton - replacing Dr, A. J. A. Morgan 
W. T. Cox - replacing B. MazelRky 
These changes w i l l  mot affect the performance and schedule of t h i s  
contract 
Report No. Q 5654-01-2 
APPENDIX A 
Detailed S t ress  Equations f o r  the  Thin-Shell 
Solution 
'Re zero-order and f i r s t -order  stress equations f o r  t he  th in-she l l  
so lu t ion  a re  derived i n  the  toro ida l  system since the spherical  case i s  readi ly  
a t t a ined  from the  toro ida l  case by l e t t i n g  a = 0. 
The f i r s t -o rde r  expansion of the tangent ia l  s t resses  a r e  
, ue$, uee,, uq$, and u where u 
Equations (48) through (53) of Appendix A .  
i n to  equations (13, (2) and (3) and simplifying the  stress equations i n  
to ro ida l  coordinates are obtained i n  terms of UO,  vo, wo and u . 
have been derived i n  Reference 2, wo ' (Pel 
Subst i tut ing these equations 
rr2 
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Detailed S t ress  Equations f o r  the Thin-Shell 
Solut ion (cont . ) 
order 
terms 
S 1-v, 
first 
order 
terms 
(4) 
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D e t a i l e d  Stress  Equations for the Thin-Shell 
Solution (cont . 
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Detailed St ress  Equations f o r  the Thin-Shell 
Solut ior ,  ( cont - ) 
= - c, [ -1 1 ag vo i C, [ p] 2 - C, [ y ]  wo } zero order terms 
me a 
where 
s = a + r sincp 
Eo c, = - 
l - h 2  
(9) 
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Detailed S t ress  Equations f o r  the  Thin-Shell 
Solution (cont . ) 
Equations 14), ( 5 )  and ( 6 ) ,  as  previously s ta ted ,  a r e  i n  terms of  
UO, vo, % and arrz which a r e  obtained by solving the  six equilibrium equations 
as given i n  Reference 2, Equations (33) through (38) of Appendix A .  
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APPENDIX B 
Thin She l l  Solution: Fini te  Difference Formulation 
The generalized f i n i t e  difference analogue formulation was developed 
i n  Reference 1 and i s  d i r e c t l y  applicable t o  the  th in-she l l  solut ion given 
i n  Reference 2 with the  following changes: 
s ince it corresponds t o  the  rad ia l  direction*, subscr ipt  i w i l l  a l s o  be 
dropped t o  conform with the  above statement. 
coordinate ml w i l l  be eliminated 
The f i n i t e  difference solution of the equilibrium equations w i l l  
f i r s t  be obtained f o r  t he  general case where the  gr id  spacing i s  assumed 
t o  be i r regular .  Then a solution w i l l  a l s o  be obtained f o r  regular  gr id  
spacing. 
f o r  the  central ,  forward and backward gr id  combinations. 
g r id  spacing i s  shown i n  Figure lbe low.  
I n  both cases the  f i r s t ,  second and mixed der ivat ives  a r e  needed 
A t yp ica l  general 
155 ( e 5  1 
.This coordinate 
I leliminated 
1 I 
1 
Figure 1 - Coordinates of I r regular  Mesh In te rva ls  
* 
a r e  taken with respect t o  cr, and ag ccp and 8 respect ively) .  
The p a r t i a l  der ivat ives  i n  the equilibrium equations given i n  Reference 2 
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Thin Shel l  Solution: F in i t e  
Difference Formulation (cont .) 
The increments i n  the  v i c i n i t y  of a node w i l l  be designated by the  following, 
i n  accordance t o  Figure 1. 
ha1 = (bta)i+l - (%I i  h31 = (%!i+l - (@3) i  
From Reference 2 f(Sl,  52, 59, the function of t he  coordinates with the  
o r ig in  a t  i, j ,  k is:  
+ B, Sa 53 + Q3 53 51 + S12 + Be SaZ + G2 (2) 
The f i rs t  and second der ivat ives  of f(cvl, e , cy3) with respect  t o  
and ag a r e  obtained from Equation (2 ) .  
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Thin She l l  Solution: F i n i t e  
Difference Formulation (cont .) 
The constants B. a r e  evaluated i n  terms of the  function a t  these nodes 
and the  gr id  spacing a s  shown i n  Figure 1 by considering the  values of 
f (S , ,  s2, S 3 )  a t  t he  e ight  nodes adjacent t o  j,k, and proceeding i n  a 
manner similar t o  t h a t  outl ined i n  Reference 1. 
1 
I. GENERAL CASE - IRF3GUIAR GRID SPACING 
A .  CENTRAL DERIVATIVES 
(4) 
( 5 )  
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Thin Shell Solution: F i n i t e  
Difference Formulation (cont .) 
- .  . 
B. FORWARD D E R I ~ A T ~ S  
C. BACKWARD DERIVATIVES 
163 
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Thin She l l  Solution: F in i t e  
Difference Formulation (cont  .) 
- j-2,k+l + f  j-2,k - f  j-1,k) 
I - f  j ,k-1 + f  - j+l ,k-2 j ,k-2 
11. GENERAL CASE - RM;UIAR GRID SPACING 
When the gr id  spacing is regular, then 
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Thin She l l  Solution: F in i t e  
Difference Formulation (cont.)  
Subst i tut inp the conditions of Equation (22) in to  Equations (4)  
through (21) the  first,  second and m i x e d  der ivat ives  f o r  the  central ,  
forward, and backward regular grid spacing combinations a r e  obtained. 
A. CENTRAL DERIVATIVE3 
a a f  1 - 2 f  + f  1 j , k  = -[ f j , k + l  j ,k j ,k-1 
B. FORWARD DERIVATIVES 
- 
f j , k  - fj ,k+2 I 1 
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Thin She l l  Solution: F i n i t e  
Difference Formulation (cont.)  
- - - 
j,k - 
[ fj+l,k+l fj+2,k+l fj+l,k-l + fj+2,k-l] (30) 
a2f  
a% a% + fj-l,k+2 (31) 1 - -1 j,k fj+l,k+l fj+l,k+2 - fj-l,k+l 
a2 f 
allaz 
1 a2 f 1 j ,k = [ - fj,k+l + fj,k + fj,k+2 
1 = z 1 [ - f j + l , k  + fj,k + fj+2,k j,k h2 
C. BACKWARD DERIVATIVES 
aaf . 
- 4 f  3 
+ fj,k j-1,k = [ j-2,k af l f  
+ fj-l,k-2 (37) ‘j+l,k-l - fj+l,k-2 - ‘j-1,k-1 3 3 ,k 
j,k-1 + - 4 f  fj,k 
( 3 3 )  
(34) 
(35) 
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Thin She l l  Solution: Finite 
Difference Formulation ( cont . ) 
a2 f 
aly,id j - l ,k  I =A [f  + f  - 2 f  ha j-2,k j,k j , k  
Page €1-8 
I '  
. 
APPEM)IX C 
EQUATIONS FOR THE SINGULAR POINT FOR THE NON-AXIsyHMEflRIC CASE 
A. CONDITIONS AT THE POIMl,  3: 0 
The components of displacement u, v, w i n  the R, pp, 8 di rec t ions  
respect ively have the  following propert ies  at cp = 0, 
These r e s u l t s  are derived in Section B o f  tfiisAppendix. 
Evaluation of S t r a ins  
From Equation (1) the  singular terms i n  the  strain-displacement equa- 
t i e n s  can be evaluated. Thus w e  f ind 
U VCOtQ 
R + -  + 
1 b w  
'06 mcp be R 
and f m  Equation (11, w e  note t h a t  the  bracketed part is ( 8) and thus  we 
have the  result, 
( r p '  0) (2) 
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Equations for the Singular Point f o r  
the Non-Axiopmetric Caee (coat.) 
Simi lar ly  we find: 
and again through Equation (1) we obtain 
Finally, 
=cpe 
“(pe 
R9 e 
R e  
 equation^ of Equilibl.-rua! 
e 
- 1 a2v 
2R w q  (cp = 0) 
The equations af equilibrium 
+ 
+ 
+ 
( 3 )  
(4) 
1 aTl?e - 
Rsincp 
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jquations for the Singular 205~t 
f o r  the ihm-lixisymmetric Case (c ' ,  it.) 
have the following indeterminate parts: 
1' 
u 
I From (51, we have 
I 
Putting in the values of TRe and 7 i n  terms of displacements, w e  get Rf@ 
From Equatien (1) w e  find t ha t  the expression (9) is zero at 9 = 0. 
may write, fo r  expression (81, 
Thus we 
1 
:I 
. I  
1 
R 
which is the  evaluation of the indeterminate p r t i e n  of Equation ( 5 ) .  
From Equation ( 6 ) .  the indeterminate part is 
In terms of the displacements 
(8) 
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Equatioa8 for the Singular ’oint 
for the Non-Axis&netric Case (cont . 
From Equation (1) the terms i n  parenthesis are zero. Thus we have 
which is zero by 
Therefore we may 
Equation (1 ) . 
write expression (10) as 
which is the evaluatien ef the indeterminate part of Equation (6). 
Frem Equation (7). the indeterminate parts are 
7 - 1 + 2 - g  cotv  Rsincp de 
and 
For (11) w e  have (atcp+O) 
(11) 
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i . 
Squations f o r  the Singular Toint 
f o r  the Non-Axisymmetric Zase ( cont . ) 
I 
t 
:B 0 
have the form 5 It can be seen from Equation (1) that the terms with 
and that the terms in u and 0 a r e  zero. Thus we c a n  write 
smcp l 
- 0  by Equation (1). 
Thus we may write enression (10) as 
+ 
Page C-5 
l 
. . -  
Equatioms for the Singular Point 
for  the Non-Axisymmetric 2ase (cont . I  
For (12) we expand the  functioae in powers of cp thus: 
e t c  
Then w e  may write ( fo r  cp + 0) 
I 
1 
I 
II 
L 1 
av 
Aad since wo = from (11, we have 
(13) 
Thus, the one term, 2 , i n  the equilibrium equatiomer is not evaluated by simple 
d i f fe ren t ia t ion  with respect t o  rp. 
B, RELATIONS EETWEEN DISPLACENENTS AT cp = 0 
To obtain the equations given i n  (1) we take the gradient and 
the Laplacian of the displacemeat vector, %.e*, 
and 
See note at end of Appendix C. 
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Equations for the Singular Foint 
for the Non-Axisymmetric Case (cont . 
Expanding i n  powers of cp, viz, 
2 u = u  + u1 cp + u2 (p +.-e. 
0 
e t c  
2 and l e t t i n g  cp = + 0 a f t e r  obtaining VP 
terms iavolving - as a factor 
and 5 ,  w e  find the following 
1 
(9 
I ;; (5 ae + v  0 
- .) 0 
-T 
Since vg and v2 7 must be f i n i t e  when cp = 0, the above expresaiozu 
(haviag as a multiplier)  must all vanish. Thus we have 
cp 
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Equations for the Singular Point 
fo r  the Non-Axisymmetric Case (cont. 
a2wl - = - 2  'bB %
382 
The equations i n  (1) are equivalent t o  these when p p =  0. 
The equation 
where 
2. 
0 
can be eee i  from the f ac t  tha t  at cp = 0 there is only one point for a l l  
8, tha t  B caanot vary with 8. (The same argument could have been 
applied t o  the quantity u. 
are functions which have extemioa i n  0.) 
It could not be applied t o  w o r  v since these 
MOTE: The fur ther  evaluation of (13) may reduce the expression t o  a simple deriva- 
t i o n  process, but such a poss ib i l i ty  w i l l  not be investigated since the 
expreasioa has already been made determinate. 
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